Recent lattice calculations on the interaction energy of two heavy-light mesons (Q 2q2 ) are interpreted in terms of the potential of the corresponding single heavy-light meson (Qq). This model leads to a large overestimate of the binding compared with the lattice dataunless the basic Qq potential is modified to become a four-quark potential.
Introduction
The advent of B-meson factories at SLAC and KEK has increased interest in the structure of -and interaction between -B-mesons. Unfortunately, the latter involves a four-quark system that can not yet be treated fully by lattice QCD techniques. For light quark systems containing 2 or 3 quarks there are indications that instantons play an important role in the interaction [1] , whereas with heavy quarks -as in B-mesons -a potential approach based on gluon exchange seems to be more appropriate. However, details of the interaction between two B-mesons is still an open question. In Ref. [2] an attempt was made to bridge this gap between few-quark systems and the corresponding interacting hadrons. This was carried out by comparing lattice results for four-quark energies [3] (and references therein) with a model involving only interquark potentials. However, the lattice data in these comparisons had several deficiencies: a) All four quarks were of infinite mass (i.e. the static approximation). b) The lattice calculations ignored the possibility for the creation/annihilation of quark pairs (i.e. the quenched approximation). c) Only two colors were considered for the quarks (i.e. SU (2) ). These approximations enabled us to also study the distribution of color fields corresponding to the binding energy of the quarks in order to look at the microscopic origins of our model [4] .
In the present work the lattice data in Refs. [5] - [7] have two of these defects partially corrected. Firstly, only two of the four quarks are now static with the other two having masses comparable to that of the strange quark and, secondly, the three color group [SU(3)] of QCD is incorporated. However, the quenched approximation is still maintained.
These two improvements mean that the lattice data and the model presented here are approaching the stage at which a direct comparison with experiment can begin. On the theoretical side, states with specific total spin will need to be extracted, whereas experimentally the existence and properties of Q 2q2 -and the related QQqq -states must be clarified. An example of these that seems to be appropriate to the present situation is the Υ(10580) with its overwhelming decay into BB.
The following model estimate of the four-quark binding energy (i.e. for Q 2q2 ) is in two parts: a) The energy E(2) of the two separate Qq systems. b) The energy E(4) of the complete four-quark system. The binding energy [B(4)] of the latter is then defined to be B(4) = E(4) − 2E (2) ( 1) with both E(2) and E(4) requiring separate variational calculations.
In Section 2 the energies of the heavy-light (Qq) system, extracted from the quenched SU(3) lattice calculation of Ref. [5] , are fitted using a variational solution of the non-relativistic twobody Schroedinger equation. This enables a determination to be made of an effective light quark mass (m q ) that is appropriate for the subsequent non-relativistic four quark studies. In Section 3 the formalism for calculating the binding energy of the four-quark system by a second variational calculation is described and, in Section 4, this is compared with the lattice data of Refs. [5, 7] . Section 5 contains conclusions.
The two-quark system
In Ref. [5] a new method was introduced for generating quark propagators. For heavy-light (Qq) mesons this led to a considerable improvement over earlier methods using iterative inversion and enabled estimates to be made of the energies of states with orbital angular momentum L = 0, 1, 2, 3. In addition, the splitting between the j = L ± 1 2 states could also be observed. However, in the present work we are not interested in this later refinement, since we average over spins. This spin-averaged data E(2, L, lattice) is now fitted with the non-relativistic Schroedinger equation
Here there are two unknowns -the effective quark mass m q and the interquark potential V (2, r). Two choices of V (2, r) are made: a) In Ref. [8] the authors made a global fit to their two-quark potentials using 4000 configurations calculated with smeared Wilson loops on a 16 3 × 32 lattice at β = 5.7 -the same coupling used for the four-quark study in Ref. [7] and of interest here. Their fit included not only on-axis points but also off-axis points. In addition, they concentrated on rather large interquark distances, since one of their main interests was in extracting an accurate value for the string energy. Upto an additive constant (V 0 ), the outcome was a potential (in fm −1 ) of the form
where r is in fermis and the string energy b s is (425 MeV) 2 for the appropriate lattice spacing of a = 0.18 fm. In Table 1 , values are given for the basic lattice potentials of Ref. [8] (row 1) and for the fit in Eq. 3 (row 2). The main difference between these is the constant V 0 , which is determined to be 0.6674 by matching V a (2, r) with the basic data at r/a = 5 -a distance expected to be large enough to avoid the artifacts that may be present at small r due to possible violations of rotational invariance. Row 3 shows the effect of removing V 0 from the original data.
b) Since the two-quark potential will be an important ingredient in the four-quark model, it is necessary to estimate the dependence of the final results on this potential. In particular, later it will be seen that it is necessary to perform spacial integrations over V (2, r) and that the integrands are peaked in the range of 2 to 4 lattice spacings. We, therefore, repeat the above procedure of Ref. [8] with 40 configurations on a 16 3 × 24 lattice at β = 5.7 using two fuzzing levels (2,13). The basic data are in row 4 of Table 1 . In row 5, a fit with a χ 2 /dof=1.65 is given to the on-axis points at r/a = 2, ...9 with the form (in fm −1 and r in fm) aV b (2, r) = − 0.309(38) r/a + 0.1649(36)r/a + 0.629(25).
This gives a string energy of (445 MeV) 2 for a = 0.18 fm. Rows 6 and 7 are the same as rows 5 and 4 but with the additive constant removed. Comparing the potentials in rows 4 and 5 (or 6 and 7) at r/a = 2, 3, 4 we see that aV b (2, r) is indeed a better fit to the lattice data at these values of r/a compared with rows 2 and 3 over the same range of r/a -the range dominating the radial integrals. Another difference is that at r/a = 1, eventhough the original data in rows 1 and 4 are very close, the data -after the removal of the additive constants appropriate for aV a (2, r) and aV b (2, r) ( 0.6674 and 0.629 -respectively) -differ by 40 MeV. Hopefully, the differences in the resultant four-quark binding energies, when using these two choices of V (2, r), will be a guide to the systematic error involved. This will be discussed later.
The other unknown in Eq. 2 is the quark mass (m q ) and this is treated as a free parameter adjusted so that the E(2, L = 0, 1, 2, 3) model energies are an average fit to the corresponding lattice data.
An estimate of E(2, L) from Eq. 2 is extracted using the variational principle by simply minimizing the expression
with a variational wavefunction of the form
Here the α i and β i are the variational parameters, but with β 1 fixed at unity to set the overall normalisation. Later, it will be seen that N 2 , the number of terms in the sum, need not be greater than three to get sufficient accuracy for E(2, L).
The outcome is, that for the V a potential m q = 300 MeV gives a good overall fit to the data, whereas for V b it is m q = 400 MeV that is better. At this stage no attempt is made to optimize m q . However, these values of m q present a problem, since they are so small that relativistic effects would be expected to be important. We return to this point later.
The above energies E(2, L), and the four-quark energies calculated in the next section, are obtained using a variational procedure and so are only upperbounds. Therefore, since the binding energy defined in Eq. 1 can lead to a delicate cancellation between E(4) and 2E(2), it is necessary to know how accurate are the estimates of these separate quantities.
To check the accuracy of E(2), the method described by Eqs. 5, 6 is used to calculate the energies for the form of the L-wave Schroedinger equation treated in Ref. [9] . There the eigenvalues are given to seven significant figures for a series of potentials of the type given in Eq. 3. We find that our variational estimates using Eq. 6 for i = 2 or 3 are in agreement with the exact result to about four significant figures -an accuracy much better than is actually needed here.
The four-quark system
In Ref.
[2] a model was developed for understanding the lattice energies of four static quarks Q(r 1 )Q(r 2 )Q(r 3 )Q(r 4 ) in terms of two-quark potentials. This model, in its simpliest form, was constructed in terms of the two basis states that can be made by partitioning the four quarks into two color singlets -namely -
where [...] denotes a color singlet. These two states are not orthogonal and have a normalisation matrix of the form -see Ref. [10] .
In the extreme weak coupling limit the parameter f = 1 and in the strong coupling limit f = 0. However, for intermediate situations it is parametrised as
where b s is the string energy defined in Eq.3, S(r 1 , r 2 , r 3 , r 4 ) is an area defined by the positions of the quarks and k f is a free parameter. In Ref. [2] it was shown that a single value for k f was capable of giving a reasonable understanding of 100 pieces of data -the ground and first excited states of configurations from six different four-quark geometries calculated on a 16 3 × 32 lattice. In this model the interaction between the quarks is expressed as a potential matrix of the form
where
as expected in the weak coupling limit with the one-gluon-exchange-potential
Away from the weak coupling limit, f is no longer unity and in addition v ij is taken to be the full two quark potential of Eq. 3. The energy of the four static quarks is then given by diagonalising
When only two of the four quarks are static the corresponding matrices for Q(r 1 )Q(r 2 )q(r 3 )q(r 4 ) can be expressed in a similar form but where the matrix elements are now integrals over the positions of the two light antiquarks. Below we consider basis state A to be the one realised as two separate heavy-light mesons -[Q(1)q(3)] and [Q(2)q (4)] -when the distance R = r 1 − r 2 between the two heavy quarks becomes large. In this state the convenient coordinates are then s 1 = r 3 − r 1 and s 2 = r 4 − r 2 , whereas for the other partition B the convenient coordinates are t 1 = r 3 − r 2 = s 1 + R and t 2 = r 4 − r 1 = s 2 − R. We also use the definition u = r 3 − r 4 .
The variational wavefunction is now taken to have the form
whereX = (s 1 , s 2 , R) and each matrix M i has the form
Since the present problem considers the masses of the light quarks to be equal, we in fact use a simplified form of M i with b i = 0, d i = a i and e i = c i . This is not necessary, but it is expected to be the dominant term in such a symmetric case. Already for N 4 = 2, this wavefunction is indeed adequate for giving sufficiently accurate four-quark binding energies. Even this choice involves five free parameters (a 1 , c 1 , a 2 , c 2 , g 2 ) in the variation -with g 1 being fixed at unity to set the overall normalisation. In Eq. 14 the parameters a i are analogous to the α i in Eq. 6 and the g i play the role of the β i . In what follows the positions of the light quarks are integrated over leaving matrix elements that are functions of R. In order to achieve this in any practical way it is necessary to have a form for f (r 1 , r 2 , r 3 , r 4 ) that has a simpler spatial dependence than the area S used earlier in Eq. 9 for the four static quark case. Here we take the very symmetric form advocated in Ref.
[10] -namely -
It should be emphasised that this form of f is purely for numerical simplicity leading to analytical expressions for all matrix elements. Again k f is a free parameter, which should be adjusted to fit the four-quark lattice energies.
The wavefunction in Eq. 13 is used for both states A and B. This is an approximation that appears to work well for the Q 2q2 system, since A and B are similar in structure for the R values of interest here.
The normalisation matrix can now be written as
where -after integrating over s 1 , s 2 -N (R, k f ) can be expressed as a sum of terms of the form
Since two of the quarks are not static there is now also a kinetic energy matrix
where, for example,
Again these integrals can be expressed in forms similar to that in Eq. 17.
Finally, the potential matrix has the form
Here N (R, k f ) is defined in Eq. 16, V (2, R) is the potential between the two heavy quarks defined in Eq. 3 and, for example,
For potentials of the form in Eq. 3, these integrals can be expressed in terms of Error functions.
The energy E(4, k f ) of the two heavy-light meson system is then obtained by diagonalising
Since this is a 2 × 2 determinant a prediction could also be made for an excited state E * (4, k f ) and the corresponding binding energy B * (4).
We saw that the variational method worked very well for the two-quark energies. In the four-quark case, when the intermeson interaction V AB , k f is set to zero (i.e. k f → ∞ -the strong coupling limit) , a necessary condition is that E(4, k f = ∞) − 2E(2, L = 0) should be approximately zero. This is found to be sufficiently well satisfied, provided N 4 in Eq. 13 is at least 2. There is a small remaining repulsion of about 5 MeV due to inadequacies in the ψ(r, f ) of Eq. 13 and this could presumably be made smaller by improving this wavefunction. However, 5 MeV should be compared with the two body energy of 779 MeV, which is made up from a kinetic energy of 334 MeV and a potential energy of 445 MeV. So we see that the condition E(4) = 2E(2) is satisfied to within 0.5%.
Results
The aim of this work is to understand the four-quark binding energy B(4) of Eq. 1 in terms of the two-quark potential V (2, r). However, as seen in Section 2 there is no unique form for this potential, since the two-quark lattice potentials of Ref. [7] and [8] are only calculable at discrete values of r, whereas the above model needs these potentials for all values of r. Actually that last statement is too strong, since the potentials seem to be needed mainly over the range of 2-4 lattice spacings. Furthermore, the potential V (R) between the two static quarks is only ever needed between discrete points and so can be taken as the lattice values directly. These various choices enable us to propose several options, which hopefully give a measure of the systematic error due to this uncertainty. Table 1 . This is probably our best option, since V b (r) is designed to fit those values of r needed in the radial integrals and, furthermore, it removes some of the uncertainty in V (R) by using the actual lattice values.
The model results from these options can now be compared directly with the lattice calculations of Ref. [7] . The above model gives the binding energy of the four-quark state using a spin-isospin independent interaction. Therefore, in order to make a comparison with the lattice data of Ref. [7] , which are dependent on the spin (S q ) and isospin (I q ) of the (qq) subsystem, an averaging of this data must be made. This is carried out being guided by the weak coupling limit -the same limit already used in setting up the basic form of the model in Eqs. 8 -12 . As shown in the Appendix of Ref. [11] 
and
where (...) denotes a color singlet, [...] a color triplet and {...} a color sextet. The overlap A|B gives the factor of 1/3 appearing in Eq. 8 and also we have the relationship
i.e. the (qq) subsystem is in a color triplet state and so antisymmetric in color. Since the lattice data only involves S-wave interactions, (I q , S q ) must be (0,0) or (1,1) to ensure overall antisymmetry for the interchangeq 3 ↔q 4 . For an interquark interaction of the form V = V 0 + s(q 3 ).s(q 4 )V s , we have V (00) = V 0 − 3V s /4 and V (11) = V 0 + V s /4. Therefore, to extract the effect of V 0 -the spin independent part of the interaction -we need the combination V 0 = [3V (11) + V (00)]/4. It should be added that the form of the wavefunction
in Eq. 26 arises automatically for R = 0 when Eq. 23 is diagonalised. As R increases the amplitude of A then increases to 0.75 at R = 0.18fm and eventually to unity for R ≥ 0.5fm. Therefore, for the small values of R of interest here, the above method for extracting V 0 should be sufficiently accurate. Figure 1 compares the lattice results of Ref. [7] for V 0 with the weak coupling model (i.e. f = 1 in Eq. 13 or k f = 0 in Eq. 15). There, for option 1, the dashed curve clearly shows that for R = 0.18 fm the model overestimates the binding by almost a factor of five. For larger values of R the error bars on the lattice data are, at present, too large to make any conclusions. Unfortunately, the lattice data at the smallest values of R could well still contain lattice artifacts that are not cancelled in the difference defining the binding energy in Eq. 1 -a point discussed later. However, when the factor f is no longer unity, the model binding decreases considerably. This is shown, again for option 1, in Figure 2 for k f = 0.20, 0.35, 0.80 and m q = 300 MeV with the optimal value k f = 0.35 fitting the first lattice data point. Also for this value of k f = 0.35 the variation with m q is found to be small.
The above comparisons between the four-quark lattice energies and the variational estimates have at least three shortcomings:
a) The most serious problem with the variational calculation is that m q is so small that a relativistic form for the kinetic energy should be used both in the two-and four-quark variational formulations for the energy. An indication of the effect of using the non-relativistic approximation can be estimated by comparing the effective two-body kinetic energy in the four quark case with the kinetic energy in the original two-body problem i.e. compare K 3 (R, 0) [or K 4 (R, 0) -they are equal] in Eq. 18 with φ(r)|T (2)|φ(r) in Eq. 5, which has the values 334 (339) MeV for V a (V b ). For option 1 -as with the other options -K 3 (R, 0) is quite dependent on k f but much less so on R. For example, at (R, k f ) equal to (0.1, 0.0),(0.1, 0.35),(0.18, 0.0), (0.18, 0.35) then K 3 (R, 0)=288, 366, 286, 347 MeV respectively. Therefore, in the difference B(4) = E(4)−2E(2, 0) much of the kinetic energy terms cancel -especially after the inclusion of the form-factor. This leads to the expectation (hope) that a similar cancellation will occur in a relativistic formulation and that the binding energies calculated with the present non-relativistic model are indeed quite realistic.
b) The second problem is that the two-quark potential in Eq. 3, used for option 1 above, is not unique and led to the construction of options 2 to 4. We are now in a position to clarify the reasons for these other options. In the above formulation, the changes due to the different options enter in two places that need to be discussed separately. i) For small R the model binding energy diverges as 1/R. This arises through the 1/R divergence of V a,b in Eqs. 3 and 4 and suggests that, compared with the potentials in other coordinates, a better treatment of V (2, R) is perhaps desirable. However, for a comparison with the four-quark lattice data, V (2, R) -the interquark potential between the two static quarks -is only needed at a few discrete values of R. Therefore, for V (2, R) -instead of using directly Eq. 3 -the divergent coulomb-like term could be replaced by −π/(12[r ij ] lattice ). An even better estimate of the V (2, R) are the original lattice results extracted from a Wilson loop -the alternative adopted here in options 2 and 4. The difference between these various options will be an indication of the size of the lattice artifacts remaining in the expression defining the binding energy in Eq. 1. In that equation E(4) and E(2) are both expected, for small R, to have sizeable lattice artifacts. But, since both are calculated simultaneously on the same lattice, it is hoped that there will be a significant cancellation when the difference is taken. Naturally, once k f has been extracted in this way, other variational or resonating group calculations of multi-quark systems would need the original continuum form of V (2, R) in Eq. 3.
ii) Secondly, the two-quark potential in Eq. 3 for the other coordinates s i , t i and u defined before Eq. 13 can not be treated in the same manner as V (2, R), since they are now integrated over and so needed for a continuous range of r values. However, Table 2 indicates that this is probably not a serious problem. There it is shown how the effective two-body potential (V T ) is made up from the two potential components -linear V L and coulomb-like V C -in V (2, r) of Eq. 3. These can be compared with the corresponding two-quark contributions, namely, 445, 557, -112 MeV respectively. If we now define n as the ratio −V L/V C, then a rough estimate of the most important range of r values for the integrals is given by
where e = π/12 from Eq. 3. In this case from Table 2 we have n ≈ 4, so that r I ≈ 0.5 fm ≈ 3a.
At such values of r, lattice artifacts should be small. Therefore, Eq. 3 is expected to be valid and yield reliable values for the radial integrals. This was the reason for introducing option 3, the two-quark potential V b (2, r) in Eq. 4, as an alternative to potential V a (2, r) in the radial integrals . . . in Eqs. 20-22.
c) A third shortcoming in the above formulation is in the form of the variational wavefunction in Eq. 13. This could be improved in two ways. Firstly, the limitations to b i = 0, d i = a i and e i = c i in Eq. 14 for the form of the M i could be removed. This would presumably remove part of the 5 MeV difference in the E(4, k f = ∞) − 2E(2, L = 0) mentioned earlier. However, secondly, Eq. 13 is designed to describe states that are naturally in terms of the s i radial coordinates defined just before that equation. This means that this form is optimal for state A but not state B, which is described naturally in terms of the t i radial coordinates. The error introduced by this can be roughly estimated by minimizing the energy of the excited state and treating the ground state model energy as a prediction. However, in practice, this seems to be unimportant for the values of R of interest here. For example, in the strong coupling limit, when k f is very large (140 here), minimizing the ground state energy at R = 0.26 fm leads to B(4), B * (4) having 4.8 and 108 MeV respectively, whereas the corresponding numbers are 7.5 and 105 MeV when it is the excited state that is targetted in the minimization. At smaller values of R the differences are even smaller.
The effect of replacing option 1 by options 2 to 4, in the weak coupling model (i.e. f = 1 in Eq. 13 or k f = 0 in Eq. 15), is also shown in Figure 1 . For all options, the model energy at R = 0.18 fm is much more negative than the lattice result. This supports our earlier claim that this extreme version of the model overestimates the binding by easily a factor of four.
In Table 3 is shown the effect of using options 2,3 and 4 when extracting a value of k f . For all options, the values of k f now needed to bring the model estimate of E(4, R = 0.18) in agreement with the lattice result are in the range 0.25 ≤ k f ≤ 0.40 -with our favored option 4 giving k f ≈ 0.25.
Conclusions
The main conclusion is most clearly demonstrated in Figure 1 , where it is seen that the present model in the weak coupling limit overestimates the binding energy given by the lattice simulation. This means that the four quark systems (Q 2q2 ) studied here cannot be described simply in terms of two-quark potentials. The effect of the latter needs to be suppressed and this is achieved by introducing the explicit four-quark form-factor f shown in Eq. 15. The hope is that this formfactor is universal in the sense that it can be used in systems with more than four quarks. This is the ultimate aim of this work -a bridge between few quarks systems amenable to lattice calculations and multi-quark systems that are beyond such methods and so rely on more conventional many-body techniques.
There are several weaknesses in the above analysis. Some of these are unavoidable and others not. At present the lattice data is not very accurate so that conclusions can only be made by comparing the model with the data for the smallest value of R at 0.18 fm. Unfortunately, at this value of R lattice artifacts are maximum. This gives rise to two related uncertainties. Firstly, we do not know to what extent these artifacts remain in the difference defining the binding energy in Eq. 1, since both E(4) and E(2) contain artifacts for which there is no reason to believe a perfect cancellation when the difference between E(4) and 2E (2) is taken. Secondly, the form of the two-quark potential [V (2, r)] used in the model needs to be parametrized as a function of r in order to perform the radial integrals. This is not possible for the smallest values of r. However, by using various options for V (2, r), the indications are that this is not a serious problem for the main qualitative conclusion in this paper. But with a more quantitative model for extracting a precise value of k f -defining the form-factor in Eq. 15 -this is expected to lead to uncertainties. Hopefully, this particular problem will disappear as the lattice data improves to the extent that their error bars are sufficiently small to enable comparisons with the model to be made at larger values of R. Of course, at that stage the variational wavefunction of Eq. 13 will have to be improved to remove the 5 MeV repulsion not accounted for with the present form of the variational wavefunction, since this would then be comparable to the expected binding energy of 16±22 MeV for R = 0.36 fm in Figure 2 .
In the future both the lattice simulation and the model will be improved. As mentioned above, the lattice data will eventually give binding energies with smaller error bars at larger values of R. This could be not only for the ground state but also for excited states. Further in the future the effect of using unquenched light quark propagators is possible. The model is also capable of being extended and improved in several ways. For example, in the Q 2q2 system it could be extended to include a spin dependence in the basic interaction of Eq. 3. Also the basic form of the variational wavefunction in Eq. 13 could be improved by using more of the parameters in the matrix M of Eq. 14. However, such an improvement would presumably lead to more binding and so increase even more the difference between the lattice data and the basic two-quark potential model without the four-quark form-factor.
Another improvement that could become necessary with improved data would be the addition of new basis states with excited two-body potentials. The excited states were found necessary in our previous fit to a large set of precisely measured energies in the static SU(2) case, with the main conclusion about these states being that they have a larger effect than the ground state potentials on the binding for large R (beyond 0.5 fm). However, in the present more Comparison between the spin independent part (V 0 ) of the Q 2q2 binding energies calculate on a lattice [7] and in the weak coupling limit (k f = 0). The dashed and solid curves are for options 1 and 3 and the points are for options 2 and 4. The latter are displaced by ∆R = -0.01 fm and +0.01 fm respectively for clarity. Figure 2 . Comparison between the spin independent part (V 0 ) of the Q 2q2 binding energies calculated on a lattice [7] and using the variational principle with k f = 0.20, 0.35, 0.80 and m q =300 MeV. Option 1 is used for V (2, r). Table 1: The comparison, as a function of r/a, between the two-quark potentials aV a,b (2, r) of Eqs. 3 and 4 (rows 2 and 5) and those given by Wilson loops in Refs. [8] and [7] (rows 1 and 4). Row 3 shows the modified lattice values when an additive constant is removed from row 1 by matching to aV a (2, r) at r/a = 5. Row 6 is the same as row 5 but with the additive constant in Eq. 4 removed. Row 7 is the same as row 4 but with the additive constant removed. In row 4, the r/a = 2 1/2 entry is taken from row 1 -since this was not calculated in [7] . Comparison between the spin independent part (V 0 ) of the Q 2q2 binding energies calculated on a lattice [7] and using the variational principle with k f = 0.20, 0.35, 0.80 and m q =300 MeV. Option 1 is used for V (2, r).
